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Elliptic Curves

Over Q N = Zwi + Zwy
-
Theorem (Mordell, [Mor22]) o e
E:y?=f(x), f(x) € Q[x] = E(Q) is finitely s
generated. 0
o rank(E(Q)) = ? E[5)

e Gal(Q/Q) acts on E(Q).
o pe,: GallQ/Q) — GL(E[P]) = GLa(F,).

Question

What can we say about pg , ? G
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Elliptic Curves

Theorem (Serre’s Open Image Theorem, [Ser72])

E defined over Q without complex multiplication. Then
[GLa2(Fp) = Impg p| < cE.

Conjecture (Serre's uniformity conjecture, [Ser72])

dc, independent of E, such that [GL>(Fp) : Im pg p] < c.
Maximal subgroups of PGLy(FFp)
* *
@ Borel subgroups - ( 0 )

@ Normalizer of a split Cartan - ( S 2 )
@ Normalizer of a non-split Cartan - IF;;Q — GL(Fp)
@ Exceptional - A4, 54, As
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Modular Curves

Moduli Spaces
SLy(Z)\H = {A = C}/ ~— {Elliptic curves over C}/ ~
T A = Zr + Z > E, = C/A,
o Y(C) =\H, I < SLy(Z)
o Xr(C) = N\H*

Cusps
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Figure 2.5. Neighborhoods of oo and of some rational points
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Modular Curves

Moduli Spaces Over Q

H  GLy(Z/NZ), 6 : E[N] — Z/NZ x Z/NZ.
(E,p) ~y (E',¢)) = IJheH,1: E— E' st. hogp=¢ 01

o S(H) ={(E;®)}/ ~n

o (E,¢)° =(E°,po0o™ 1) o€ Gal(Q/Q)

o (E, ¢) rational iff E rational and ¢ 0 Gal(Q/Q) o ¢~ < H
o lyc SLQ(Z), YrH = S(H)

Congruence subgroups
o I(N) = ker(SLo(Z) — SLo(Z/NZ))
@ Borel - To(N)
o Normalizer of split (non-split) Cartan - 7 (N), 1 (N)
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Modular Curves

Serre’s uniformity conjecture

Theorem (Serre, [Ser72])

For p > 13, H < GL»>(F,) exceptional, the modular curve Xr,, has
no rational points.

Theorem (Mazur, [Maz77])

For p > 37, the modular curve Xy(p) has no non-CM, non-cuspidal
rational points.

Theorem (Bilu, Parent, Rebolledo, [BPR13])
For p > 13, the modular curve X (p) has no non-CM,

non-cuspidal rational points.

Conjecture (Serre's uniformity conjecture)

For p > 11, the only Q-points of the modular curve X;.(p) are CM.



Numerical Evidence

Theorem (Balakrishnan, Dogra, Miiller, Tuitman,
Vonk, [BDM*19])

The modular curve X;5(13) has exactly 7 rational points, all of
which are CM.

Theorem (Mercuri, Schoof, [MS20])

For p = 17,19, 23, there are no "small” rational points on XL (p),
other than the seven CM points.

Explicit equations

Theorem (Baran, [Barl4])

The modular curve X,%(13) is defined by the equation
(—y — 2)x3 + (2y° + zy)x°+
(—y® 4 zy? — 222y + 23)x + (22%y% — 32%y) = 0.
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Equations and the canonical map

Theorem (Petri's Theorem*)

X curve over k of genus g. wi,...,wg € HO(X, Q) define
Wiy wg) i p: X — PETL

If X is not hyperelliptic, ¢ is an embedding. Let

1(X) = @Yo l4(X) be the ideal of relations. Then

Q dimy L(X) = (g —2)(g —3)/2 and
dimy 3(X) = (g — 3)(g? + 6g — 10)/6.
Q Ifg =4, I(X) is generated by h(X) and 3(X).
Q If g =3, I(X) is generated by I4(X) and dimy I4(X) = 1.

Strategy

Compute a basis for HO(X, Q1), look for enough polynomial
relations of small degrees.
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Modular Forms

weight k action
b
a= ( i ; ) € SLy(Z), f: H — C
fliag, (2) = (cz + d)*f(az).

Definition (Modular form of weight k for I')

f : H — C holomorphic s.t. f|,), =f forallyeTl and f|y, is
holomorphic at o for all o € SLy(Z).

g-expansion
1 N
IfT(N)<T, 0 1 el, f(z+ N) = f(z), so

o0
2Tiz
f(z)=Za,,q,'(, gy=-¢enN .
n=0
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Modular forms as differentials

Holomorphic differentials
o k() = Q52 (Xr) (m: H* — Xr)
o Mk(I) = HO(Xr, Q1 (A)®K2), Si(T) = HO(Xr, Q¥%/2)
° Sg(r) =~ Q,lwl(Xr), (wl, 500 ,wg) : Xr — ps—1

Example
© G(T) = Y(c.d) rsay € Mi(SL2(Z))
@ Fourier expansion - Gg(7) = 2¢(k) - (1 - %’; > ak_l(n)q”)
dim Mg(SLa(Z)) = 1= Gg = C - G?
A(7) = (606G4(7))* — 27(1406G5(7))* € S12(SL2(2))
o j(r) = 1728020 ¢ Ay(SL,(2))
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Computing g-expansions

Theorem ( [MS20], [Zyw20])

Let G € GLy(Z/NZ) be s.t. —1 € G and det(G) = (Z/NZ)*.
Then X = Xr. is defined over Q and

Sk(T(N),Q(¢n)) ¢ = Sk(T, Q).

Action on cusp forms

Zywina [Zyw20] computes the action of GLy(Z/NZ) on
g-expansions. Computes a basis for S>(I'(N), Q(¢n))C.

Issues
@ The space Sa(I'(N), Q(¢n)) is much larger than S>(T, Q).

@ Uses numerical approximation with large denominators.
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Modular Symbols

H1(Xo(39), Z)

° Hi(XriR) = Qo (Xr) o {z1,} +{z, 3} + {z3,21} = 0
° {z1,2} — (WHSZw) ° {z1,21} =0

o {az,azn},w)={z1,2},woa)
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Modular Symbols

Modular Symbols
° F:@aﬁeﬁﬂ Z'{awﬁ}vR:{O‘?ﬁ}+{577}+{77a}
o My = (F/R)/(F/R)tor
o My =Z[X, Y]k—2 ®M>
o My (') = (Mg)r modulo torsion.

Example
X3®1{0,1/2} —17XY?® {0,1/7} € M5

Theorem (Manin, [Man72])
o : Mo(T) — Hi(Xr, cusps,Z) is an isomorphism.
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Modular Symbols

Pairing with modular forms
(Sk(M) @ Sk(M)) x M(M) — C

8 B
(A, h), P{a,B}) = J f(z)P(z,1)dz + J h(z)P(z,1)dz

[0}

Cuspidal modular symbols
® B2 = Doeprg) Z - {a}, Bk = Z[X, Y]k—2 @Bz
@ B4 (I = (Bk)r modulo torsion.
@ Si(lN) = ker(0 : My (') — Bg(IN))

Theorem (Shokurov, [Sho80] + Merel, [Mer94])
The pairing

(ot (Sk(M) @ 8k(TN) x Si(T;C) — C
is a nondegenerate pairing of complex vector spaces
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Modular Symbols

Manin symbols

[P, Tg] = g(P{0,0}) € M, (I

o {[Xk=271yi, rg]}f:oz,ger\SLQ(Z) generate M, (I).

x+xS=0,x+x(ST)+x(ST)? =0, x—xJ =0

Great for computation!

Can compute the vector space Sk(I) = (Sk(I) @ Sk(IN)) .
If T is of real type, Sk(I) = (Sk(M)™)", so also Sk (I).

That's great, but what about g-expansions?
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Twisting method

Definition (twist of a modular form)

Let f = ZZO:O anq", x : (Z/NZ)* — C primitive. Write

Qo0
f, = Z apx(n)q"
n=1
Let
N 1 _ u
Sy = ( 0 N>, Ry= >, x(u)Sk
u mod N
Then Ry (f) = g(Xx) - fy.

Theorem (Atkin, Li, [A*78] + Box [Box20])

Let V < Sy(IF(N),Q(¢n)) be an irrep of GLy(Z/NZ). Then there
exists a newform f such that V' is spanned by {Ry o aq(f)}y,d-
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From modular symbols to g-expansions

Twisting modular symbols

Box in [Box20] computes So(F(N))C n V; for each irrep. V;, finds
the newform f;, and thus computes a basis of g-expansions.

Working directly with '
@ In [Ass20], can compute* Hecke operators for Si(I').
@ Finds systems of eigenvalues.

@ Computes the action of Hecke operators on the g-expansions
at all the cusps.

In particular, recovers the above elements f;.

Given a g-expansion, can compute the period map.

Also computes Eisenstein series - could that be of use?

Eran Assaf Equations for modular curves



Demonstration...

Thanks for listening!
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